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Abstract
We study the evolution and oscillations of fixed massive neutrinos interacting with
stochastic gravitational waves (GWs). The energy spectrum of these GWs is Gaussian
and the correlator of the amplitudes is arbitrary. We derive the equation for the density
matrix for flavor neutrinos in this case. In the two flavors approximation, this equation
can be solved analytically. We find the numerical solution for the density matrix in the
general case of three neutrino flavors. We consider merging binary black holes as sources
of stochastic GWs with realistic spectra. Both normal and inverted mass orderings are
analyzed. We discuss the relaxation of the neutrino fluxes in stochastic GWs emitted
mainly by supermassive black holes. In this situation, we obtain the range of energies and
the propagation lengths for which the relaxation process is the most efficient. We discuss
the application of our results for the observation of fluxes of astrophysical neutrinos.
1 Introduction
Flavor transformations of a neutrino beam, called neutrino flavor oscillations, recently con-
firmed experimentally (see, e.g. Ref. [1]), are the direct indication to the nonzero masses
of these particles and mixing between different neutrino states. Various external fields are
known to contribute, or even enhance, neutrino oscillations [2]. The gravitational interaction,
in spite of its weakness, is supposed to modify the neutrino oscillations process.
Neutrino oscillations in gravitational fields were first considered in Ref. [3] and, subse-
quently, in multiple papers. Many of them are reviewed in Ref. [4]. A gravitational field is
supposed to modify the phase of a massive neutrino wave function [5]. This phase obeys the
Hamilton-Jacobi equation, which should be written down in curved spacetime.
It is important to study neutrino oscillations in gravitational fields considering not only
static fields, but also time dependent gravitational backgrounds like a gravitational wave
(GW). It is inspired by the recent GWs detection reported in Ref. [6]. Now multiple sources
of GWs, mainly as coalescing binary compact objects, are catagolized in Ref. [7]. Sources of
GWs are expected to emit significant neutrino fluxes [8]. Thus, emitted GWs can influence the
propagation and oscillations of astrophysical neutrinos. There are active searches of neutrinos
emitted by merging binaries, which are the sources of GWs [9].
∗maxdvo@izmiran.ru
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We studied neutrino flavor and spin (i.e. transitions between active left and sterile right
states) oscillations under the influence of gravitational fields in Refs. [10–14]. Neutrino spin
oscillations in GWs were considered in Ref. [13]. The evolution of the spin of a fermion in
GW was discussed in Ref. [15]. The action of GWs on the propagation and flavor oscillations
of astrophysical neutrinos was studied in Refs. [14, 16].
In the present work, we continue our research in Ref. [14]. We study the evolution of
a beam of fixed massive neutrinos interacting with stochastic GWs with arbitrary energy
spectrum. In Sec. 2, we derive the equation for the density matrix for flavor neutrinos and
solve it analytically in the two flavors approximation. The numerical solution of this equation
for the general situation of the three neutrino flavors is obtained in Sec. 3, where we study
astrophysical applications. We consider coalescing binary BHs as sources of stochastic GWs.
We obtain the maximal energy and the minimal propagation length, at which the fluxes of
flavor neutrinos reach their asymptotic values. We discuss our results and consider their
implication for the observation of astrophysical neutrinos in Ref. 4.
2 Density matrix evolution accounting for an arbitrary spec-
trum of GWs
We study the system of three flavor neutrinos pνe, νµ, ντ q with nonzero mixing. One can
diagonalize the mass matrix of such neutrinos using the neutrino mass eigenstates ψa, a “
1, 2, 3, which have the definite masses ma. Flavor and mass eigenstates are related by the
matrix transformation,
ν “ Uψ, (1)
where U is the mixing matrix.
In the most general situation of three neutrino flavors ν “ pνe, νµ, ντ q, the mixing matrix
in Eq. (1) can be parameterized in the following form [17]:
U “
¨
˝ 1 0 00 c23 s23
0 ´s23 c23
˛
‚¨
¨
˝ c13 0 s13e´iδCP0 1 0
´s13e
iδCP 0 c13
˛
‚¨
¨
˝ c12 s12 0´s12 c12 0
0 0 1
˛
‚, (2)
where cab “ cos θab, sab “ sin θab, θab are the corresponding vacuum mixing angles, and δCP
is the CP violating phase. The values of these parameters can be found in Ref. [18]. The
mixing matrix takes more simple form in the frequently used two flavors approximation,
U “
ˆ
cos θ sin θ
´ sin θ cos θ
˙
, (3)
where θ is the only mixing angle.
We suppose that these flavor neutrinos move in curved spacetime with background gravi-
tational field in the form of a plane gravitational wave with circular polarization propagating
along the z-axis. The interval in this case has the form [19],
ds2 “ gµνdx
µdxν “ dt2 ´ p1´ h cosφq dx2 ´ p1` h cosφq dy2 ` 2dxdyh sinφ´ dz2, (4)
where h is the dimensionless amplitude of the wave, φ “ pωt´ kzq is the phase of the wave, ω
is frequency of the wave, and k is the wave vector. In Eq. (4), we use the Cartesian coordinates
xµ “ pt, x, y, zq.
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The dynamics of flavor oscillations να Ø νβ is described by the effective Schrodinger
equation,
i 9ν “ Hfν, Hf “ UHmU
:, Hm “ H
pvacq
m `H
pgq
m , (5)
where Hf and Hm are the effective Hamiltonians in the flavor and mass bases, H
pvacq
m “
1
2E
diagpm21,m
2
2,m
2
3q is the part of the Hamiltonian responsible for vacuum oscillations, and
E is the mean neutrino energy.
Using the results of Ref. [20], we have derived in Ref. [14] the contribution to Hm from
the neutrino interaction with GW. We assume that
ωL|βa ´ βb| ! 1, a, b “ 1, . . . , 3, (6)
where L is the neutrino propagation distance, βa “ p{Ea is the velocity of the mass eigenstate,
p is the mean neutrino momentum, and Ea “
a
m2a ` p
2 is the energy of the mass eigenstate.
In this case, H
pgq
m have only diagonal components which have the form,´
Hpgqm
¯
aa
“ ´
p2h
2Ea
sin2 ϑ cos 2ϕ « hA
m2a
2E
, (7)
where ϑ and ϕ are the spherical angles fixing the neutrino momentum with respect to the
GW wave vector and Apϑ,ϕq “ 1
2
sin2 ϑ cos 2ϕ. In Eq. (7), we keep only the linear term in h
and take that p " ma . Using Eqs. (5) and (7), we get that
Hf “ H0 `H1, H0 “ UH
pvacq
m U
:, H1 “ ξH0, (8)
where ξ “ hA. Note that H0 in Eq. (8) is the constant matrix.
Now we suppose that neutrinos interact with stochastic GWs, i.e. the angles ϑ and ϕ, as
well as h are random functions of time. In this case, it is convenient to study the evolution of
the density matrix ρ rather than the wave function ν. In this approach, the diagonal elements
of ρ are the probabilities to detect a certain flavor in a neutrino beam. Using the results of
Ref. [21], we get the equation for ρIptq “ exppiH0tqρptq expp´iH0tq in the form,
i 9ρI “ rHI, ρIs, (9)
where HI “ exppiH0tqH1 expp´iH0tq “ H1.
The formal solution of Eq. (9) can be represented in the form of a series, which should
be averaged over a certain time interval. We suppose that the amplitudes of GW form
the Gaussian stochastic process. Thus, only even terms in this series survive since all odd
correlators, like xhpt1qhpt2qhpt3qy etc, are vanishing. Eventually one has
xρIy ptq “ρ0 ´
@
A2
D
rH0, rH0, ρ0ss
ż t
0
dt1
ż t1
0
dt2fp|t1 ´ t2|q
`
@
A2
D2
rH0, rH0, rH0, rH0, ρ0ss
ż t
0
dt1
ż t1
0
dt2
ż t2
0
dt3
ż t3
0
dt4
ˆ rfp|t1 ´ t2|qfp|t3 ´ t4|q ` fp|t1 ´ t3|qfp|t2 ´ t4|q ` fp|t1 ´ t4|qfp|t2 ´ t3|qs ´ . . . ,
(10)
where ρ0 “ ρIp0q “ ρp0q is the initial density matrix, fp|t1 ´ t2|q “ xhpt1qhpt2qy is the
correlator of the GW amplitude, and
@
A2
D
“
1
2pi2
ż pi
0
dϑ
ż
2pi
0
dϕA2pϑ,ϕq “
3
64
. (11)
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is the mean value of the angle factor squared.
To derive Eq.(10) we assume that both ϑ and ϕ have the δ-correlated Gaussian distribu-
tions, which is a reasonable assumption since stochastic GWs intersect a neutrino trajectory
randomly. However, unlike Ref. [14] we do not assume that the amplitude of GW has the
same distribution, i.e. fp|t1 ´ t2|q ‰„ δpt1 ´ t2q is the arbitrary function.
After lengthy but straightforward calculations we transform Eq. (10) to the form,
xρIy ptq “ρ0 ´ a
@
A2
D
rH0, rH0, ρ0ss `
1
2!
`
a
@
A2
D˘2
rH0, rH0, rH0, rH0, ρ0ss ´ . . . , (12)
where
aptq “
ż t
0
dt1
ż t1
0
dt2fp|t1 ´ t2|q “
ż t
0
dt1pt´ t1qfp|t1|q. (13)
One can check that Eq. (12) is the formal solution of the following equation:
d
dt
xρIy ptq “ ´gptq
@
A2
D
rH0, rH0, xρIy ptqss, (14)
where
gptq “
ż t
0
dt1fp|t´ t1|q, (15)
which is the generalization of the results of Ref. [14] for the arbitrary correlator fp|t1 ´ t2|q
of the amplitudes of GWs. If we choose fp|t1 ´ t2|q “ 2τ
@
h2
D
δpt1 ´ t2q, where τ is the
phenomenological correlation time, and use Eqs. (11) and (15), then Eq. (14) reproduces
Eq. (2.17) in Ref. [14].
Let us study the two flavors approximation. In this case,
H0 “
∆m2
21
4E
pσnq, n “ psin 2θ, 0,´ cos 2θq,
where ∆m221 “ m
2
2 ´m
2
1. We can sum analytically the series in Eq. (12). Indeed,
xρIy ptq “ρ0 ´ rρ0 ´ pσnqρ0pσnqs
λ
2
ˆ
1´
λ
2!
`
λ2
3!
´ . . .
˙
“
1
2
”
ρ0
´
1` e´λ
¯
` pσnqρ0pσnq
´
1´ e´λ
¯ı
, (16)
where λ “ a
@
A2
D `
∆m2
21
˘2
{4E2. If we choose the δ-correlated Gaussian distribution, then
a “ τt
@
h2
D
and Eq. (16) reproduces the corresponding result of Ref. [14].
The correlation function xhptqhp0qy “ fp|t|q can be expressed in terms of the spectral
density Spfq as [22]
xhptqhp0qy “
ż 8
0
df cosp2piftqSpfq, (17)
where f is the frequency measured in Hz. Instead of the spectral density in Eq. (17) it is
convenient to consider the energy density of stochastic GWs Ωpfq per logarithmic frequency
interval with respect to the closure density of the universe ρc “
3H2
0
8piG
“ 0.53 ˆ 10´5GeV ¨
cm´3 [23],
Spfq “
8Gρc
pif3
Ωpfq, (18)
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where H0 is the Hubble constant and G “ 6.9 ˆ 10
´39 GeV´2 is the Newton constant. The
function gptq in Eq. (15) takes the form,
gptq “
4Gρc
pi2
ż 8
0
df
f4
sinp2piftqΩpfq. (19)
It should be used in the differential Eq. (14).
3 Astrophysical applications
In this section, we study flavor transformations of a neutrino beam under the influence of
realistic stochastic GW background. This problem was studied previously in Ref. [14], where
coalescing black holes (BHs) were considered. However, the correlator of GW amplitudes was
assumed in Ref. [14] to be of the form, xhpt1qhpt2qy „ δpt1´ t2q. Spectra of realistic stochastic
GW backgrounds were mentioned in Ref. [26] to be approximated by power laws, Ωpfq „ fα,
with the frequency f being in a confined region. Thus, the approximation made in Ref. [14]
is quite rough.
We should specify the initial condition for Eq. (14), ρIp0q “ ρp0q. We study the evolution
of astrophysical neutrinos created in decays of charged pions [24]. In this case, one has
that the fluxes of flavor neutrinos at a source are pFνe : Fνµ : Fντ qS “ p1 : 2 : 0q. Thus
ρIp0q “ diagp1{3, 2{3, 0q.
First, we study the GW background from coalescing supermassive BHs (SMBHs). In this
case, we can approximate Ωpfq by [25]
Ωpfq “
#
Ω0, if fmin ă f ă fmax,
0, otherwise,
(20)
where Ω0 „ 10
´9, fmin „ 10
´10Hz, and fmax „ 10
´1Hz. Note that this value of Ω0 does not
violate the constraint established in Ref. [26]. Using Eq. (20), we get gptq in Eq. (19) in the
explicit form,
gptq “ ´
2GρcΩ0
3pi2
"
sin p2pifmaxtq
2´ p2pifmaxtq
2
f3max
´ sin p2pifmintq
2´ p2pifmintq
2
f3
min
` 2pit
„
cos p2pifmaxtq
f2max
´
cos p2pifmintq
f2
min

` p2pitq3 rCi p2pifmaxtq ´ Ci p2pifmintqs
*
, (21)
where Cipxq “ γ ` lnx` ∫x0
cos t´1
t
dt is the cosine integral and γ « 0, 577.
In Figs. 1 and 2, we show the numerical solution of Eqs. (14) and (21) with
@
A2
D
“ 3
64
,
Ω0, and fmin,max given above. The neutrino energy is in the range E “ p10
2 ˜ 104qMeV and
the propagation distance is L “ 1 kpc. We study the cases of both the normal and inverted
orderings of the neutrino masses. The mass squared differences and the mixing angles are
taken from Ref. [18].
One can see in Figs. 1(b) and 1(b) that the contribution of GWs to neutrino oscillations
is negligible at high neutrino energies since H
pgq
m „ E´1 in Eq. (7). Indeed, one gets thatA
ρ
pIq
kk
E
ptq practically coincides with
A
ρ
pIq
kk
E
p0q “ diagp1{3, 2{3, 0q at E “ 10GeV.
Comparing the present results with the findings of Ref. [14], where the same problem
was studied, we establish the more significant effect of GWs on the relaxation of the density
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Figure 1: The diagonal elements of xρIy based on the numerical solution of Eq. (14) versus
t1 “ t{L. Here we adopt the normal mass ordering with ∆m221 “ 7.5 ˆ 10
´5 eV2, ∆m231 “
2.56 ˆ 10´3 eV2, θ12 “ 0.6, θ23 “ 0.85, θ13 “ 0.15, and δCP “ 3.77. The neutrino beam
propagation distance is L “ 1 kpc. (a) E “ 102MeV; and (b) E “ 10GeV.
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Figure 2: The same as in Fig. 1, but for the inverted mass ordering with ∆m221 “ 7.5 ˆ
10´5 eV2, ∆m231 “ ´2.46 ˆ 10
´3 eV2, θ12 “ 0.59, θ23 “ 0.85, θ13 “ 0.15, and δCP “ 4.84.
(a) E “ 102 MeV; and (b) E “ 10GeV.
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Figure 3: Fluxes of flavor neutrinos based on the numerical solution of Eq. (14) with gptq in
Eq. (21) for E “ 102MeV and L “ 1 kpc. (a) Normal mass ordering; and (b) inverted mass
ordering.
E, MeV xFνe,‘y
@
Fνµ,‘
D
xFντ ,‘y
102 0.3038 0.3551 0.3411
104 0.3037 0.3561 0.3402
Table 1: Averaged fluxes of flavor neutrinos in a detector for different neutrino energies for
the normal mass ordering.
matrix in the present work. We find that the fluxes reach their asymptotic values at shorter
L and greater E. This discrepancy can be explained by the underestimation of the relaxation
time τ in Ref. [14]. In the present work, we take into account the spectrum of stochastic GWs
exactly. Thus there is no need to approximate the correlator by a δ-function.
The elements of xρIy are not the measurable quantities. The fluxes of flavor neutri-
nos Fνλ are proportional to the diagonal elements of the total density matrix xρy ptq “
expp´iH0tq xρyI ptq exppiH0tq. In Fig. 3, we show Fνλ for L “ 1 kpc and E “ 10
2 MeV.
We have demonstrated in Figs. 1(b) and 2(b) that GWs does not contribute to the evolution
of the density matrix at E “ 10GeV. Thus we do show the fluxes for E “ 10GeV.
It is difficult to distinguish the fluxes for different flavors in Fig. 3 by sight because of
the rapid vacuum oscillations. However, if one averages the signal over the length of these
oscillations, one gets the fluxes in a detector xFνλ,‘y which turn out to be different for different
flavors. This additional averaging is equivalent to the situation when we study not only the
action of stochastic GWs on the neutrino beam, but also consider randomly distributed
neutrino sources.
The values of xFνλ,‘y for different E are given in Tables 1 and 2. Here we take that L “
1 kpc. One can see that the cases of normal and inverted mass orderings are distinguishable.
Moreover there is a difference of the fluxes for relatively low, E “ 102MeV, and high, E “
10GeV, energies. We remind that we established above that, at E “ 10GeV, stochastic GWs
practically do not contribute to the relaxation of neutrino fluxes. Therefore, the difference
of the fluxes in the first and the second rows in Tables 1 and 2 is owing to the neutrino
interaction with stochastic GWs. One can see that this difference be up to 2%. It is maximal
for the inverted mass ordering.
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E, MeV xFνe,‘y
@
Fνµ,‘
D
xFντ ,‘y
102 0.3190 0.3440 0.3370
104 0.3138 0.3442 0.3420
Table 2: The same as in Table 1, but for the inverted mass ordering.
We note that the above analysis is valid if the constraint in Eq. (6) is fulfilled. To get the
maximal left hand side in Eq. (6) we take ω “ ωmax “ 2pifmax, E “ 10
2MeV and L “ 1 kpc.
We obtain that this condition is satisfied.
Now we briefly consider another source of stochastic GWs, like merging binary BHs of
stellar masses. We can take that α “ 2{3 [26]. The spectral density has the form,
Ωpfq “
$&
%Ωmin
´
f
fmin
¯2{3
, if fmin ă f ă fmax,
0, otherwise,
(22)
where fmin “ 10
´5Hz, fmax “ 10
2Hz, and Ωmin “ 10
´15 [25]. Unfortunately, it is not possible
to express the function gptq in Eq. (19) in the explicit form for Ωpfq in Eq. (22).
We have solved Eq. (14) for this case. The value of xρIy ptq turn out to be unchanged
for fmin,max and Ωmin given above for both normal and inverted mass orderings. Thus the
evolution of xρIy ptq is similar to that shown in Figs. 1(b) and 2(b). We have checked E down
to 1MeV and L up to 1Gpc.
Thus, merging BHs with stellar masses as sources stochastic GWs do not lead to a signifi-
cant relaxation of fluxes of astrophysical neutrinos. Such sources of GWs are more abundant
than SMBHs studied above. Nevertheless the typical frequencies of the spectrum of GWs
emitted are much higher that in case of SMBHs. It is reason why this kind of GWs does not
contribute to the relaxation of neutrino fluxes.
4 Discussion
In the present work, we have studied the evolution of three mixed flavor neutrinos accounting
for their interaction with stochastic GWs with arbitrary spectrum. In Sec. 2, we have derived
Eqs. (14) and (15) for the density matrix for flavor neutrinos. This equation generalizes the
result of Ref. [14], where the δ-correlator of the GW amplitudes was assumed.
In realistic situations, the spectral density of stochastic GWs is a certain function of
the frequency in a confined frequency range. It leads to the correlator of amplitudes not
necessarily proportional to the δ-function. Thus, the approximation made in Ref. [14] is quite
rough.
The estimate of the correlation time τ , or the typical frequency of the spectrum f˜ „ τ´1,
in Ref. [14] is the main source of the inexactitude of the description of the relaxation of
neutrino fluxes. Indeed, g „ f˜´3 in Eq. (19) and f˜ is in quite broad range. Therefore, slightly
changing f˜ , we get a significant variation of the relaxation length of the neutrino fluxes.
In the present work, we avoided this uncertainty. The lower part of the spectrum Ωpfq
turns out to give the main contribution to the relaxation of the fluxes. It can explain much
faster relaxation of the fluxes compared to Ref. [14].
We have considered the application of our results for the evolution of fluxes of astro-
physical neutrinos in Sec. (3). We have studied merging binary BHs as sources of stochastic
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gravitational waves. We have considered two cases: SMBHs and BHs with stellar masses. In
the case of SMBHs the relaxation distance is L „ 1 kpc. The relaxation of fluxes is sizable for
neutrinos with energies up to 102MeV. Thus, the effect of the relaxation of neutrino fluxes
can be important for supernova (SN) neutrinos in our galaxy.
The fluxes of SN neutrinos were reported in Ref. [27] to be modified by the mixing between
active and hypothetical sterile neutrinos. We have demonstrated that the interaction of active
neutrinos with stochastic GWs background with realistic characteristics can also modify the
observed SN neutrino fluxes at the few percent level. Perhaps, the predicted effect can be
observed by the existing [28] or future [29,30] neutrino telescopes.
Merging BHs with stellar masses are more abundant than coalescing SMBHs. However
the lower frequency of their spectra are much higher than that of SMBHs; cf. Eqs. (20)
and (22). Thus the effect of relaxation of neutrino fluxes is smaller in this case. This fact was
confirmed by numerical simulations.
We have revealed that the neutrino interaction with stochastic GWs results in the re-
laxation of neutrino fluxes. However, it is not the only random factor affecting the observed
fluxes of astrophysical neutrinos. In a realistic situation, a neutrino telescope detects particles
emitted by multiple randomly distributed sources.
In Sec. 3, we have accounted for this factor by considering neutrinos with high energies
E “ 10GeV, for which the action of GWs on neutrino oscillations is negligible. Comparing
the cases E “ 102MeV and E “ 10GeV, one could extract the contribution of stochastic
GWs to the mean neutrino fluxes, which is up to 2%; cf. Tables 1 and 2. Perhaps, one could
detect stochastic GWs through a precise measurement of astrophysical neutrino fluxes rather
than using a direct technique described in Ref. [31].
Accounting for the interaction with stochastic GWs and averaging over the positions of
randomly distributed neutrino sources, we have obtained that the fluxes at a detector are not
equal: pFνe : Fνe : Fνeq‘ ‰ p1 : 1 : 1q. This problem of the flavor content of astrophysical
neutrinos was studied in Ref. [32]. The fluxes of ultra high energy neutrinos at a detector
were found in Ref. [32] to depend on the channel of production of these particles.
In the present work, we have demonstrated that the interaction of astrophysical neutrinos
with stochastic GWs can result in the deviation of the flavor ratio at a detector from the
value p1 : 1 : 1q. The predicted fluxes are not excluded by the recent observation of ultra
high energy astrophysical neutrinos reported in Ref. [33]. Plans to improve sensitivity in the
determination of the flavor ratio of astrophysical neutrinos are outlined in Ref. [34].
In summary, we have studied the evolution of fluxes of astrophysical neutrinos interacting
with stochastic GWs having an arbitrary energy spectrum emitted by randomly distributed
realistic binary BHs. The consideration of the nontrivial spectrum allowed us to significantly
reduce the relaxation distance traveled by a neutrino beam for different flavors to reach
the asymptotic values. We could also increase the neutrino energy, for which the relaxation
becomes sizable. Now the effect can be potentially observed even for SN neutrinos propagating
within our Galaxy.
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